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This article completes a former work where part of the O(p6) low-energy constants entering in
the pipi scattering were estimated. Some resonance contributions were missed in former calculations
and slight differences appeared with respect to our outcome. Here, we provide the full results for all
the contributing O(p6) couplings. We also perform a reanalysis of the hadronic inputs used for the
estimation (resonance masses, widths...). Their reliability was checked together with the impact of
the input uncertainties on the determinations of the chiral couplings and the scattering lengths aIJ .
Our outcome is found in agreement with former works though with slightly larger errors. However,
the effect in the final values of the aIJ is negligible after combining them with the other uncertainties.
Based on this consistency, we conclude that the previous scattering length determinations seem to
be rather solid and reliable, with the O(p6) low-energy constants quite under control. Nevertheless,
the uncertainties found in the present work point out the limitation on further improvements unless
the precision of the O(p6) couplings is properly increased.
I. INTRODUCTION
In a previous work [1, 2], we provided a set of predictions for some of the O(p6) low energy constants (LECs)
ri related to the ππ–scattering amplitude [3, 4]. The O(p6) chiral perturbation theory couplings r2, ... r6 were
determined there in the large–NC limit [5] by means of once-subtracted partial-wave dispersion relations, where they
were provided in terms of the ratios of widths over masses, ΓR/M
3
R and ΓR/M
5
R. The limit of a large number of
colours NC → ∞ [5], is a key ingredient of the study, becoming the strong dynamics greatly simplified and being
the dominant contribution provided by the tree-level meson exchanges. At large NC , the relevant resonances for
ππ–scattering are the I=1 vector and the u¯u+ d¯d component of the scalar with I=0. We will denote these large–NC
states, respectively, as ρ and σ all along the paper. We will also consider just the contribution from the lightest
multiplets: the single resonance approximation will be assumed.
The new predictions in Ref. [2] found that some scalar resonance contributions to the O(p6) LECs had been actually
missed in former estimates [3]. This produced small variations on the ππ–scattering lengths [2], of the order of the
current errors [6]. However, in order to make a thorough analysis, we complete our former study and provide the
remaining O(p6) LECs contributing to ππ–scattering. In the standard O(p6) chiral perturbation theory calculation [3],
the scattering lengths aIJ depend on r1,... r6. Alternatively, if they are determined through the dispersive method in
Ref. [6], one needs to provide rS2 instead of r5 and r6.
In addition, we have decided to redo the whole analysis of the resonance inputs. This has enabled us with at least
a minimal control of the uncertainties in the LECs and the corresponding scattering lengths. This allows a better
understanding of what are the relevant parameters that determine the low energy scattering and the main sources of
errors. The vector mesons are found to fit very well within a U(3) large–NC multiplet and their properties are quite
under control. On the other hand, the current knowledge of the lightest large–NC scalars is rather poor. Thus, our
revised analysis of the ππ–scattering lengths is also motivated by the need of improving the current picture of the
lowest lying hadronic resonances [7, 8, 9].
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2In Section II, we present the former LEC determinations and the reanalysis that we propose. The phenomenological
inputs required for the determination of the LECs are studied in full detail in Section III, keeping a careful control of
the possible uncertainties. Based on this, the values of the O(p6) low-energy constants ri are estimated in Section IV,
leading to a series of new predictions for the ππ scattering lengths in Section V. The various results and conclusions
are gathered in Section VI. Finally, some more technical details are relegated to the Appendices.
II. LEC ESTIMATES THROUGH RESONANCE SATURATIONS
The current calculations in chiral perturbation theory (χPT) have already reached the two loop order [3, 4]. How-
ever, in order to extract quantities such as the scattering lengths one needs to eventually input the O(p6) low-energy
constants. Since in many cases it is not possible to determine these couplings directly from the phenomenology, one
needs to extract their values through alternative procedures. One of the most usual ones is to consider large–NC esti-
mates based on phenomenological chiral lagrangians [3, 10, 11]. However, the control that one has on these lagrangians
and their large–NC estimation may be unclear. Thus, the uncertainties of the observables under consideration might
be larger than what is actually quoted.
In this work, we propose the comparison of three sets of estimates of the low-energy constants. First we will review
the currently used values (set A) [3, 4] and then we will present the new numbers after taking into account the scalar
meson contributions that were missing in former works (set B) [2]. However, for sake of consistency, we will also redo
the analysis of the hadronical inputs and provide the newly calculated LECs (set C).
• Set A:
This is the group of estimates commonly employed in nowadays calculations [3, 4]. The χPT couplings are
assumed to be determined by the resonance exchanges provided by the phenomenological lagrangian
L = F
2
4
〈uµuµ + χ+ 〉
− 1
4
〈 Vˆµν Vˆ µν 〉+ 1
2
M2V 〈 VˆµVˆ µ 〉 −
igV
2
√
2
〈 Vˆµν [uµ, uν] 〉+ fχ〈 Vˆµ[uµ, χ−] 〉
+
1
2
〈∇µS∇µS 〉 − 1
2
M2S〈SS 〉+ cd〈Suµuµ 〉+ cm〈Sχ+ 〉 , (1)
where 〈 ... 〉 stands for trace in flavour space, S and Vˆ µ account respectively for the scalar and vector multiplets.
The tensor uµ contains the chiral pseudo-Goldstone and χ± is, in addition, proportional to the light quark
masses. Their precise definitions can be found in Refs. [3, 4, 10]. Notice that since the lagrangian does not
contain resonance mass-splitting terms, the masses MR coincide with their chiral limit values, which we denote
as MR. Nevertheless, it can be straightforwardly extended to include the splitting due to the quark masses.
This will be studied with full generality in the next sections. From the comparison of the decays ρ → ππ,
K∗ → Kπ and other processes, Ref. [3] provided the set of parameters
MV = 770MeV , gV = 0.09 , fχ = −0.03 ,
MS = 983MeV , cm = 42MeV , cd = 32MeV . (2)
Taking these inputs and the phenomenological lagrangian (1), they produced the LEC estimates [3],
rA1 = −0.6× 10−4 , rA2 = 1.3× 10−4 , rA3 = −1.7× 10−4 ,
rA4 = −1.0× 10−4 , rA5 = 1.1× 10−4 , rA6 = 0.3× 10−4 ,
(3)
where the authors already accounted in these numbers the contribution to the SU(2) LECs coming from the
kaon and eta loops [3]:
rK1 =
31F 2π
5760π2m2K
, rK2 = −
11F 2π
2304π2m2K
, rK3 = −
29F 2π
7680π2m2K
,
rK4 = −
F 2π
2560π2m2K
, rK5 =
23F 2π
15360π2m2K
, rK6 =
F 2π
15360π2m2K
.
(4)
3These will be also included in our analysis in order to have a clearer comparison with the outcomes obtained in
Refs. [3, 6].
In addition to this, the dispersive approach used in Ref. [6] also required the ππ–scalar form-factor coupling rS2 ,
which was estimated to be [4]
rAS2 = −0.3× 10−4 , (5)
with a negligible contribution rKS2 =
F 2π
1152π2m2K
= 0.03 · 10−4 from kaon and eta loops [4].
• Set B:
However, the resonance estimate from Refs. [3, 6] was incomplete and some relevant contributions were actually
missing in their calculation. The presence of the operator cm〈Sχ+ 〉 in the scalar meson lagrangian produces
a tadpole term proportional to the quark mass [12, 13]. Although its effect vanishes in the chiral limit, its
contribution becomes relevant at subleading chiral orders.
The O(p6) LECs are recalculated here in full detail, keeping all the possible contribution. No term of the
corresponding chiral order under study is neglected. By means of the partial-wave dispersion relations proposed
in Refs. [1, 2], most of the O(p6) LECs in the ππ–scattering (r2, ... r6) are now fixed in terms of the ratios,
ΓR
M3R
=
ΓR
M
3
R
[
1 + αR
m2π
M
2
R
+ γR
m4π
M
4
R
+O(m6π)
]
,
ΓR
M5R
=
ΓR
M
5
R
[
1 + βR
m2π
M
2
R
+O(m4π)
]
, (6)
where MR and ΓR stand for the chiral limit of MR and ΓR, respectively. The constants αR, βR, γR are quark
mass independent and rule the mπ corrections in the ratios. The formal expressions for r2, ...r6 [2] are provided
later in Sections IVA–IVC. The resonance lagrangian (1) allows us then to compute the resonance masses and
widths at large NC in terms of the resonance couplings. Thus, the LEC predictions can be utterly rewritten in
terms of the latter. Using exactly the same inputs (2) of set A, one obtains then slightly different values
rB2 = 18× 10−4 , rB3 = 0.9× 10−4 , rB4 = −1.9× 10−4 ,
(7)
remaining r5 and r6 unchanged, i.e., r
B
5 = r
A
5 and r
B
6 = r
A
6 as in Eq. (3). Although the variation in r3,... r6
with respect to Set A is relatively mild, r2 changes by an order of magnitude. This points out the need of a
more detailed investigation of the stability of the estimation under modifications in the inputs.
To complete the calculation we needed to extract r1 (for the direct χPT calculation [3]) and rS2 (for the
dispersive method [6]). These two couplings were out of the reach of the partial-wave dispersion relations
proposed in our former works [1, 2]. Here we have used the lagrangian (1). We have performed the explicit field
theory calculation of the ππ scattering A(s, t, u) and the scalar form factor FS(s). The details of the calculation
are shown in Appendix A.
The corrected determinations derived from the phenomenological lagrangian (1) result
r1 = −4g
2
V F
2
M2V
(
2 +
4
√
2fχ
gV
)2
− 16cdcm(8c
2
d − 17cdcm + 12c2m)
M4S
, (8)
rS2 =
8cm(cm − cd)F 2
M4S
− 32c
2
dc
2
m
M4S
, (9)
which for the set A inputs in Eq. (2) yield
rB1 = −2.1× 10−4 , rBS2 = −0.3× 10−4 . (10)
Our prediction rBS2 agrees accidently the numerical value r
A
S2
reported in Ref. [4] and the variation in r1 is also
found to be small.
4• Set C:
The analysis can be further refined. In addition to performing the full computation of the LECs (without
neglecting any contribution), a more careful examination of the phenomenological inputs also seems convenient.
A more general description of the mesonic interactions is required. For instance, the lagrangian considered in
Eq. (1) does not take into account the fact that in physical QCD there is a mass splitting within the U(3)
resonance multiplet. This quark mass effect utterly contributes to the scattering lengths at the same order as
the terms already included in the determinations from sets A and B. A similar thing happens with the resonance
widths, which accept a more general quark mass splitting pattern.
Actually, it is possible to describe most of the U(3) breaking without relying in any particular resonance
lagrangian realization. Nevertheless, without lost of generality, we will study the vector resonances in both the
Proca and antisymmetric formalisms [14]. Although the two representations are physically equivalent, small
discrepancies may appear when considering m2π corrections only up to a given order. The slight difference that
appears when rearranging the experimental information from one formalism to the other will serve us as an
estimate of the residual error due to higher order m2π contributions. We will also perform a general analysis of
the splitting in the resonance masses and widths. This will allow us to fix their dominant chiral corrections,
being reflected in a more accurate estimate of the LECs r3,... r6. However, it will be impossible for us to have
a full control of the subdominant chiral corrections –that are going to affect r1, r2 and rS2–. Therefore, we will
have to utterly rely on estimates of these LECs based on phenomenological resonance lagrangians like that in
Eq. (1). This Set C reanalysis of the resonance parameters will be shown in detail in the next Section.
III. PHENOMENOLOGY OF THE RESONANCE PARAMETERS
A. Mass splitting up to O(m2P )
In the large–NC limit, the mass splitting of the resonance multiplets can be described at leading order by a single
operator eRm [15]
− M
2
R
2
〈RR 〉 + eRm〈RRχ+ 〉 , (11)
which leads at large NC to the mass eigenstates
M2I=1 = M
2
R − 4eRmm2π + O(m4P ) ,
M2I= 1
2
= M
2
R − 4eRmm2K + O(m4P ) ,
M
(s¯s) 2
I=0 = M
2
R − 4eRm (2m2K −m2π) + O(m4P ) . (12)
and M
(u¯u+d¯d)
I=0 =MI=1.
In the case of the vector resonance multiplet, eVm can be fixed through the physical ρ(770) and K
∗(892) masses,
respectively Mρ = 775.5± 0.3 MeV and MK∗ = 893.6± 1.9 MeV [9]. This provides the estimates
MV = 764.9± 0.5MeV , eVm = −0.217± 0.004 . (13)
These values and Eq. (12) lead to a prediction for the remaining two states, M
(s¯s)
I=0 = 998 MeV and M
(u¯u+d¯d)
I=0 =Mρ =
776 MeV. This is in pretty good agreement with the φ(1020) and ω(782) masses, respectively Mφ = 1019 MeV and
Mω = 783 MeV. Hence, alternatively, one can think of extracting the chiral limit resonance mass and the splitting
term eVm by means of the ρ(770) and φ(1020) masses, with Mφ = 1019.455± 0.020 MeV [9]:
MV = 763.7± 0.5MeV , eVm = −0.2414± 0.0022 , (14)
with the prediction MI=1/2 = 906 MeV, in relatively good agreement with the experimental K
∗(892) mass [9].
The physical masses are indeed slightly different to their large–NC values. Thus, the relations in Eq. (12) are
not exactly fulfilled for the experimental inputs as they gain subleading contributions in 1/NC . The combination of
Eqs. (13) and (14) provide our most reliable estimate of the large–NC parameters. Considering an interval that covers
both determination, we will take as inputs from now on the values
MV = 764.3± 1.1MeV , eVm = −0.228± 0.015 , (15)
5whose errors exceed those that come from purely the experimental uncertainties in Eqs. (13) and (14).
In the case of the scalars, it is relatively straightforward to identify the lightest I = 1 resonance with the a0(980):
MI=1 = 984.7± 1.2 MeV [9]. The remaining states of the multiplet are more cumbersome to pin down. The scalar
spectrum provided in the large–NC study of Ref. [15] leaves the light and broad scalar resonances σ and κ out of any
classification multiplet. In order to avoid the problem of the mixing of iso-singlet scalars, the analysis is performed
with the I = 1/2 state, whose mass in the large–NC limit is also poorly known. The broad κ(800) seems to be a
possible candidate although the first clear I = 1/2 scalar resonance signal is provided by the K∗0 (1430) [9]. Hence, we
take the conservative estimate MI=1/2 = 1050± 400 MeV, which ranges from the κ up to the K∗0 (1430) mass. This
leads to the predictions
MS = 980± 40MeV , eSm = −0.1± 0.9 . (16)
B. The splitting of the vector resonance decay width up to O(m2P )
The calculation of the quark mass corrections to the width is slightly more complicate and one needs to make some
assumption on the structure of the interaction.
If we use the phenomenological lagrangian (1), the vector decay width into two light pseudo-scalars, V → φ1φ2,
shows the structure
ΓV→φ1φ2 = CV 12 ×
M nV ρ
3
V12
48 π F 21 F
2
2
λ2V ππ
[
1 + ǫV
m21 +m
2
2
2M
2
V
+ O(m4P )
]2
, (17)
with the phase-space factor
ρV12 =
√(
1− (m1 +m2)
2
M2V
)(
1− (m1 −m2)
2
M2V
)
. (18)
The Fi are the physical decay constants of the φi pseudo-Goldstones (Fπ ≃ 92.4 MeV and FK ≃ 113 MeV) and they
appear due to the large–NC wave function renormalization of the light pseudo-scalars [2, 13]. MV and mi corresponds,
respectively, to the physical vector and pseudo-scalar masses. λV ππ is the V φ1φ2 coupling that rules the decay
amplitude in the chiral limit (e.g. gV in Eq. (1) [3, 14]) whereas ǫV rules the quark mass corrections to the amplitude
(provided for instance by the coupling fχ in Eq. (1) [3]). CV 12 is the corresponding Clebsch-Gordan: Cρππ = 1,
CK∗Kπ = 3/4 and CφKK = 1. The vector mass scaling n is an integer that depends on the resonance lagrangian
under consideration: n = 5 in the Proca formalism [3, 14] and n = 3 in the antisymmetric tensor representation [10, 11].
Finally, one power of ρV 12 comes from phase-space and the other two powers are due to the J = 1 spin polarization
sum of the squared modulus of the amplitude,
∑
ǫ |MV→12|2 =
∑
ǫ |2ǫµpµ1M˜|2 = M2V ρ2V 12|M˜|2, where here the ǫµ
denote the vector meson polarizations.
Thus, in the Proca field realization from Eq. (1) one has [3, 4, 14]
n = 5 , λV ππ = gV , ǫV = 4
√
2fχ/gV . (19)
On the other hand, in the antisymmetric tensor representation employed in Resonance Chiral Theory (RχT) [10, 11]
one has λV ππ = GV , n = 3 and the quark mass corrections ǫV provided by a combination of some extra V φφ operators,
iλV8 〈Vµν{χ+, uµuν} 〉, iλV9 〈Vµνuµχ+uν 〉 [11]. The detailed discussion on the quark mass splitting operators in the
antisymmetric formalism is relegated to Appendix C. Abusing of the notation, we will denote fχ as the effective
combination of resonance chiral theory couplings such that for the antisymmetric formalism (n = 3) we still keep
ǫV = 4
√
2fχ/λV ππ = 4
√
2fχ/GV .
In order to remain as general as possible, both vector formalism scalings, n = 5 and n = 3, are discussed. The
following inputs will be used all throughout this paper to estimate the uncertainties of our results [9]:
Fπ = 92.4± 0.3MeV , FK = 113.0± 1.0MeV ,
mπ = 137.3± 2.3MeV , mK = 495.6± 2.0MeV ,
Γρ→ππ = 149.4± 1.0MeV , ΓK∗→πK = 50.6± 0.9MeV , (20)
together with the mass parameters MV and e
V
m derived in Eq. (15).
6The combination of the experimental K∗ and ρ widths allows us to fix the parameters λV ππ and ǫV :
1
λn=5V ππ = gV = 0.0846± 0.0008 , ǫn=5V = 0.01± 0.09 , for n=5 , (21)
λn=3V ππ = GV = 63.9± 0.6MeV , ǫn=3V = 0.82± 0.10 , for n=3 . (22)
For n = 5, this corresponds to the coupling fχ = (0.2± 1.3)× 10−3, to be compared to the determination fχ = −0.03
from Ref. [3] 2. In the case of the antisymmetric formalism, one obtains fn=3χ = 9.3± 1.1 MeV.
The only difference between the Proca (n=5) and the antisymmetric tensor formalism (n=3) is that in the
latter the ρ → ππ width carries the factor G2V
[
1 + ǫn=3V
m2pi
M
2
V
]
. Instead, in the Proca case, this is replaced by
g2VM
2
ρ
[
1 + ǫn=5V
m2pi
M
2
V
]
≃ g2VM
2
V
[
1 + (ǫn=5V − 4eVm) m
2
pi
M
2
V
]
. Up to higher chiral order corrections, one finds a pretty
good agreement between both of them, getting identical results for GV = 63.9 MeV and gVMV = 64.7 MeV, and for
ǫn=3V = 0.8 and (ǫ
n=5
V − 4eVm) = 0.9.
The obtained values of λV ππ and ǫV lead us to a prediction for the φ→ KK decay width:
Γφ→KK = 4.1± 0.8MeV , (23)
for both Proca and antisymmetric formalisms. This result is perfectly consistent with the experimental value ΓExp
φ→KK
=
3.54± 0.10 MeV [9]. At large–NC, the φ(1020) is identified with the s¯s component of the I = 0 vector.
Likewise, the determination of the coupling λV ππ produces for the ρ→ ππ decay width the chiral limit prediction,
Γρ =
λ2V ππM
n
V
48πF 4
−→ Γρ = 181.9± 3.0MeV , (n=5), (24)
Γρ = 177.8± 2.5MeV , (n=3), (25)
where we have used the value of F = 90.8± 0.3 MeV derived in Sec. III D.
C. The decay width for the scalar resonance
In the case of scalar resonance decays, the constraints to the structure of the width are given just by an overall phase-
space factor ρV 12 and the F
−1
i factors due to the φi wave–function renormalizations of the pseudo-Goldstones [13].
The issue that arises here is the current poor knowledge on the structure of the scalar sector in the large–NC
limit. One needs then to be assisted by some phenomenological lagrangian. In the present work, we will assume
that our scalar interactions are ruled by the action from Eq. (1) together with the mass splitting operators eSm
from Eq. (11). Although many works have tried to pin down the values of the two scalar couplings, cd and cm, in
Eq. (1) [10, 16, 17, 18, 19, 20], still there are no widely accepted results.
The a0 → π0η decay seems to be the only reliable process to estimate cd and cm. However, this only fixes a
combination of the two and one needs to add extra theoretical information. Thus, the study of the high-energy
behaviour of the Kπ, Kη, Kη′ scalar form-factors performed in Ref [16] provided the constraints cm = cd and
4cdcm = F
2. However, the first constraint seems a priori less reliable, as the analysis did not include all the possible
quark mass operators contributing at that order (these extra terms in the lagrangian were derived later in Ref. [11]).
On the other hand, the relation 4cdcm = F
2 is more solid, as it stems from the high-energy analysis of the scalar
form-factor in the chiral limit.
Hence, the constraint 4cdcm = F
2 and the a0 → πη decay width are used to fix the values of cd and cm. Thus, the
lagrangian (1) yields
Γa0→πη =
(
F1 cos θ1 −
√
2F8 sin θ8
F1F8 cos (θ1 − θ8)
)2
× c
2
dM
3
a0 ρa0πη
24πF 2π
(
1− m
2
π +m
2
η
M2a0
+ (ǫS + 2)
m2π
M2a0
)2
,
(26)
1 Indeed, the system of quadratic equations has two possible solutions for λ and ǫV . In one case ǫV is much larger (ǫV ≃ −10) than in
the other. Since this corresponds to huge chiral corrections, we will only keep the small ǫV solution (|ǫV |
<
∼ 1).
2 If, alternatively, we consider the same inputs as Ref. [3] together with FK = 110MeV, then one gets fχ/gV ≃ −0.03, leading to
fχ ≃ −0.003.
7where the lagrangian from Eq. (1) yields ǫS + 2 = 2cm/cd. The η–η
′ mixing is given in the basis of the octet η8 and
singlet η1 by [21, 22, 23]: (
η
η′
)
=
1
F
(
F8 cos θ8 −F1 sin θ1
F8 sin θ8 F1 cos θ1
)(
η8
η1
)
. (27)
We consider the inputs F1 = (1.1 ± 0.1)Fπ, θ1 = (−5 ± 1)◦, F8 = (1.3 ± 0.1)Fπ, θ8 = (−20 ± 2)◦ [21, 22, 23],
Γa0→πη = 75± 25 MeV, mη = 547.9 MeV [9], together with the inputs considered in previous sections. Most of the
error in the next determinations comes from our poor knowledge on the a0(980) decay width.
Relying on the estimate of the a0 → ηπ0 decay width from the phenomenological scalar lagrangian (1) [3, 10] and
the theoretical constraint 4cdcm = F
2 [16, 17, 24], one gets the values
cd = 26± 7MeV , cm = 80± 21MeV . (28)
As the error is dominated by the large a0(980) width uncertainty, we find that the determination of cd and cm is
completely unaffected by whether one considers the constraint 4cdcm = F
2 or the approximation 4cdcm = F
2
π . The
chiral limit F of the pion decay constant Fπ is computed in the next section. Indeed, the determination of cd is rather
model independent since the (ǫS + 2) term in Eq. (26) has little impact in the a0 decay width. Thus, if the (ǫS + 2)
term is neglected one gets cd = 31 MeV.
Taking this into account, the σ → ππ decay width is given at large NC by
Γσ =
3 ρσππ c
2
dM
3
σ
16πF 4π
(
1 + ǫS
m2π
M
2
S
)2
, (29)
where by σ we denote the iso-singlet (u¯u+ d¯d) scalar, without strange quark content. The quark mass correction ǫS
and the chiral limit of the width are then provided by
ǫS = 2
(
cm
cd
− 1
)
= 4± 3 , Γσ = 3 c
2
dM
3
S
16πF 4
= 600± 300MeV. (30)
D. Chiral corrections to Fπ
In order to extract the LECs related with m2π corrections, we will need to know the quark mass dependence of Fπ,
which can be parametrized in the general form
Fπ = F
[
1 + δF(2)
m2π
M
2
S
+ δF(4)
m4π
M
4
S
+ O(m6π)
]
. (31)
The pion decay constant Fπ appears in the calculation when one takes into account the pion wave-function renormal-
ization Zπ that occurs at large NC , which obeys Fπ = F · Z−1/2π [2, 13].
The scalar lagrangian in Eq. (1) [10] and the mass splitting from Eq.(12) yield
δF(2) =
4cdcm
F 2
, δF(4) =
8cdcm
F 2
(
3cdcm
F 2
− 4c
2
m
F 2
)
+
16cdcme
S
m
F 2
. (32)
Although δF(2) has the most general structure, this is not true for δF(4). If a more general set of scalar operators
λSOS , λSSOSS , λSSSOSSS were allowed in the lagrangian [11], δF(4) would gain a whole series of new contributions.
Substituting our former determinations of cd, cm = F
2/4cd and e
S
m in Eq. (32), one gets
δF(2) = 1 , δF(4) = −5± 5 , (33)
where the large uncertainty comes both from eSm and the 25% error in cd. For δF(4) one can use indistinctly cm =
F 2/4cd or cm = F
2
π/4cd, as the difference results negligible and goes to the next order in the m
2
π expansion. By means
of Eqs. (31) and (33) it is then possible to recover the large–NC value for the pion decay constant in the chiral limit,
F = 90.8± 0.3 MeV, in agreement with former large–NC χPT determination [21].
8E. NLO chiral symmetry breaking parameters αR, βR
Combining the information obtained from the mass and width splittings, one can now extract the corresponding
quark mass corrections in the ratios ΓR/M
3
R and ΓR/M
5
R defined in Eq. (6):
αV = 2ǫV − 2(n− 3) eVm − 4 δF(2)
M
2
V
M
2
S
− 6 ,
βV = 2ǫV − 2(n− 5) eVm − 4 δF(2)
M
2
V
M
2
S
− 6 ,
αS = 2ǫS − 4 δF(2) − 2 ,
βS = 2ǫS + 4 e
S
m − 4 δF(2) − 2 . (34)
Substituting the same experimental inputs as before one obtains
αV = −7.5± 0.3 , βV = −8.4± 0.3 , for n = 5,
αV = −6.8± 0.3 , βV = −7.7± 0.3 , for n = 3. (35)
and for the scalar
αS = 2± 7 , βS = 2± 8 . (36)
Although αR is not needed in the present O(p6) LEC study, it is provided here for sake of completeness.
F. NNLO chiral correction γR
The parameter γR -appearing in ΓR/M
3
R at O(m4π)- is even more complicate to determine than αR and βR.
At next-to-next-to-leading order (NNLO), the resonance masses may suffer corrections due to the chiral operators
e˜Rm,1
2M
2
R
〈RRχ+χ+ 〉 +
e˜Rm,2
2M
2
R
〈Rχ+Rχ+ 〉 , (37)
which combined with the leading and NLO operators in Eq. (11) yield the pattern
M2I=1 = M
2
R − 4eRmm2π − 4(e˜Rm,1 + e˜Rm,2)
m4π
M
2
R
, (38)
M2I=1/2 = M
2
R − 4eRmm2K −
4
M
2
R
[
e˜Rm,1 (2m
4
K − 2m2Km2π +m4π) + e˜Rm,2m4π
]
,
M
(s¯s) 2
I=0 = M
2
R − 4eRm(2m2K −m2π) − 4(e˜Rm,1 + e˜Rm,2)
(2m2K −m2π)2
M
2
R
,
and M
(u¯u+d¯d)
I=0 = MI=1. Actually, the NNLO multiplet splitting will be only relevant for the analysis of the vector
parameter γV in the Proca formalism (n = 5). In the remaining cases, e˜
R
m ≡ e˜Rm,1 + e˜Rm,2 will not appear. Since
these NNLO quark mass corrections may enter in serious competition with those NLO in 1/NC, an analysis of the
vector spectrum in order to fix e˜Vm seems unreliable. Thus, we consider just some conservative bounds. It is not really
possible to obtain a tight constraint from the I = 1 or I = 12 . The most stringent bound comes from the I = 0 (s¯s)
state:
∣∣e˜Vm∣∣ ≤ M 2V
2m2K −m2π
|eVm| ≃ 0.3 , (39)
where we have demanded that the NNLO could not overcome the NLO contribution to the φ(1020) mass (in the quark
mass expansion).
9Likewise, the expansion of the ρ and σ resonance widths up to NNLO in m2π is given by the parameters ǫ˜R:
Γρ→ππ =
M nρ ρ
3
ρππ
48 π F 4π
λ2V ππ
[
1 + ǫV
m2π
M
2
V
+ ǫ˜V
m4π
M
4
V
+ O(m6π)
]2
,
Γσ→ππ =
3M3σρσππ
16πF 4π
c2d
[
1 + ǫS
m2π
M
2
S
+ ǫ˜S
m4π
M
4
S
+O(m6π)
]2
. (40)
A way out to estimate these chiral corrections is the phenomenological lagrangian of Eq.(1):
ǫ˜V = ǫV
[
8cm(cd − cm)
F 2
M
2
V
M
2
S
+ 4eVm
]
,
ǫ˜S =
16c2m(cd − cm)
cdF
2 +
8(cm − cd)eSm
cd
, (41)
with ǫV = 4
√
2fχ/λV ππ and the mass splitting operators (11) also taken into account. The full unexpanded expression
for the widths can be found in Ref.[2]. Using the inputs of former sections, one obtains
ǫ˜V = −0.0± 0.3 (for n=5), ǫ˜V = −2.8± 1.7 (for n=3),
ǫ˜S = −30± 40 . (42)
Gathering all the different contributions together, it is now possible to get the NNLO correction γR to the ratio
ΓR/M
3
R:
γV = 2ǫ˜V − 2(n− 3)e˜Vm − 4δF(4)
M
4
V
M
4
S
(43)
+ǫ2V − 4(n− 3)eVmǫV − 8ǫV δF(2)
M
2
V
M
2
S
− 12ǫV + 2(n2 − 8n+ 15)eVm
2
+10(δF(2))
2M
4
V
M
4
S
+ 12(n− 5)eVm + 24δF(2)
M
2
V
M
2
S
+ 8(n− 3)eVmδF(2)
M
2
V
M
2
S
+ 6 ,
γS = 2ǫ˜S − 4δF(4)
+ǫ2S − 4ǫS − 8ǫSδF(2) + 8δF(2) + 10(δF(2))2 − 8eSm − 2 . (44)
Notice that the O(m4π) corrections to Fπ (δF(4)), the resonance masses (e˜Rm) and widths (ǫ˜R) are presented in the
first line of Eqs. (43)–(44). The results of Eqs. (43)–(44) are actually model dependent since there exist several other
resonance operators that may contribute to the NNLO parameters δF(4), ǫ˜V , ǫ˜S [11]. Nevertheless, if one relies in the
model of Eq. (1) the inputs considered in former sections lead to the chiral symmetry breaking terms
γV = 30± 10 (for n=5), γV = 19± 8 (for n=3),
γS = −50± 70 . (45)
A more detailed observation of the NNLO parameters (first line of Eqs. (43)–(44)) shows that the impact of the NNLO
mass splitting term e˜Rm is negligible. On the other hand, δF(4) and ǫ˜S are responsible of most of the error in γS . In
the vector case, the effect of the width splitting term ǫ˜V is not dominant, whereas the Fπ NNLO correction δF(4) is
responsible of roughly the 75% of the total uncertainty in γV . The large errors we have in our input numbers for δF(4)
and ǫ˜S reassure us in the validity of our result, even if the uncertainty of the γR covers a rather conservative interval.
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IV. LOW-ENERGY CONSTANT DETERMINATION AT O(p6)
A. The determination of r5, r6
The couplings r5, r6 only depend on the chiral limit values of the resonance masses and decay widths [2] and,
therefore, are the most reliably determined low-energy constants:
r5 =
32πF 6Γσ
3M
7
S
+
36πF 6Γρ
M
7
V
, (46)
r6 =
12πF 6Γρ
M
7
V
. (47)
B. Extraction of r3, r4
In the case of the couplings r3 and r4, all one needs are the resonance widths and masses in the chiral limit and
the first m2π correction to the ratio ΓR/M
5
R, this is, βR [2]:
r3 =
64πF 6Γσ
3M
7
S
(
1 +
βS
2
)
− 768πF
6Γρ
M
7
V
(1 +
3βV
32
) , (48)
r4 =
192πF 6Γρ
M
7
V
(
1 +
βV
8
)
. (49)
The coupling r4 depends only on the vector resonance. Likewise, the scalar contribution is quite suppressed in r3 due
to the large numerical coefficient in front of the vector term.
C. Extraction of r2
Compared to the determination of r3, ...r6, the coupling r2 carries larger theoretical uncertainties since the NNLO
parameters γS and γV enter into play. The prediction for r2 derived from partial-wave dispersion relations is given
by [2]
r2 = 2rF +
64πF 6Γσ
M
7
S
(
1 +
βS
3
+
γS
6
)
+
πF 6Γρ
M
7
V
(7584 + 1248βV + 144γV) ,
(50)
where rF provides Fπ at NNLO in m
2
π [4]. It is related to our previously defined δF(4) through rF = 2ℓ3ℓ4 +
F 4δF(4)/M
4
S . The phenomenological lagrangian (1) produces the value of δF(4) in Eq. (32), which in combination
with 2ℓ3ℓ4 = 32c
2
mcd(cm − cd)/M
4
S [10] yields
rF = −8c
2
dc
2
m
M
4
S
+
16eSmcdcmF
2
M
4
S
. (51)
Substituting our former phenomenological inputs, one gets rF = (−1± 3) · 10−4.
D. Extraction of r1 and rS2
Within the framework of ππ partial-wave sum-rules proposed in Refs. [1, 2], it is not possible to make any prediction
for r1, as they are based on once-subtracted dispersion relation and this coupling produces just a constant contribution
to the ππ–scattering amplitude.
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The couplings r1 (from ππ–scattering) and rS2 (from the ππ scalar form-factor) must be extracted through alter-
native procedures. The values from Eqs. (8) and (9) were based on the lagrangian (1) but without accounting for the
mass splitting effect. If the latter is included, our phenomenological model produces for r1 the new predictions
rn=51 = −
16cdcm(8c
2
d − 17cdcm + 12c2m)
M
4
S
+
32(cd − cm)2F 2
M
4
S
eSm
−16g
2
V F
2
M
2
V
[
1 + ǫV +
1
4
ǫ2V −
8cdcm
F 2
M
2
V
M
2
S
]
,
rn=31 = −
16cdcm(8c
2
d − 17cdcm + 12c2m)
M
4
S
+
32(cd − cm)2F 2
M
4
S
eSm
−16G
2
V F
2
M
4
V
[
1 + ǫV − 8cdcm
F 2
M
2
V
M
2
S
+ 2eVm
]
.
(52)
The detailed calculation is relegated to Appendix A1.
Likewise, after taking into account the mass splitting in the scalar form-factor calculation (Appendix A2), rS2
becomes
rS2 =
8cm(cm − cd)F 2
M
4
S
− 32c
2
dc
2
m
M
4
S
+
16cdcmF
2
M
4
S
eSm . (53)
E. Saturation scale uncertainty
One last problem to face is the fact that the large–NC estimate of the LECs does not carry any renormalization
scale dependence. However, it is possible to find a so called “saturation scale” µs such that the physical LEC r
r
i (µ)
agrees numerically with rNC→∞i for µ = µs.
Since the standard comparison scale is µ0 = 770 MeV, the coupling r
r
i (µ) must be run from µs up to µ0. The
possible difference between these two scales introduces an uncertainty in our determination. The way considered here
to account for this lack of knowledge is to observe the variation for a wide range of µ, which in other works is usually
taken to be in the range 500–1000 MeV [3, 6, 11, 25]:
∆r1
µs = 3× 10−4 , ∆r2µs = 4× 10−4 , ∆r3µs = 3× 10−4 ,
∆r4
µs = 0.05× 10−4 , ∆r5µs = 0.5× 10−4 , ∆r6µs = 0.05× 10−4 ,
∆rS2
µs = 1.5× 10−4 , (54)
where the running is completely fixed in χPT by the expressions given in Appendix B in terms of F and the O(p4)
invariants ℓ¯1 = −0.4± 0.6, ℓ¯2 = 4.3± 0.1, ℓ¯4 = 4.4± 0.2 [6] and ℓ¯3 = 2.9± 2.4 [26].
Sometimes, it is argued that there must exist a common saturation scale for all the LECs, both O(p4) and O(p6).
This scale µs is very often identified with the rho mass, µs = Mρ. However, explicit one-loop calculations with
resonance lagrangians show that, though the loops typically produce logarithms of the form ln MRµ or ln
MR
M ′R
, the
combinations of them appearing for each LEC are not necessarily the same [27, 28, 29, 30]. Hence, although in
general terms µs ∼ MR, nothing ensures that the saturation scales must be exactly identical, nor that their value
must be equal to Mρ [30, 31]. Thus, the uncertainty of every LEC is computed and accounted separately in the
present work.
F. Summary of low-energy constants
The values for the low-energy constants rri (µ) and the corresponding errors are gathered in Table I. We choose
the standard comparison scale µ = 770 MeV and include the uncertainty from the saturation scale estimated in the
former section as an error.
Some remarks about the present predictions are in order. The LECs r5 and r6 are the most model-independent
ones since they are determined by just the chiral limit of the resonances masses and widths (see Eqs.(46) and (47)).
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ND est. set A set C set C
[32] [3, 4] (n=5) (n=3)
104 · rr1 ±80 −0.6 −14± 17± 3 −20± 17± 3
104 · rr2 ±40 1.3 22± 16± 4 7± 10± 4
104 · rr3 ±20 −1.7 −3± 1± 3 −4± 1± 3
104 · rr4 ±3 −1.0 −0.22 ± 0.13± 0.05 0.13± 0.13 ± 0.05
104 · rr5 ±6 1.1 0.9± 0.1± 0.5 0.9± 0.1± 0.5
104 · rr6 ±2 0.3 0.25 ± 0.01± 0.05 0.25± 0.01 ± 0.05
104 · rrS2 ±1 −0.3 1± 4± 1 1± 4± 1
TABLE I: Different predictions for the O(p6) LECs rri (µ) for µ = 770 MeV: The first column presents the order of magnitude
estimate based on naive dimensional analysis [32]; In the set A column we show former estimates from Refs. [3, 4]; in the last
two columns, one can find the values for the present reanalysis, both in the Proca (n=5) and antisymmetric vector formalism
(n=3). The first error derives from the inputs and the second from the uncertainty in the saturation scale.
Our determinations for r5 and r6 are consistent with those in Ref. [3]. The constants r3 and r4 depend on the O(m2π)
corrections βR in the ratio ΓR/M
5
R , which are still rather under control. All our predictions are in agreement within
errors with those reported in Ref. [3] except for the small deviation found for r4, mainly due to the slight discrepancies
in the coupling fχ mentioned in previous sections. All this points out the little model dependence of our LEC estimate.
On the other hand, r2 is partly determined by the NNLO m
2
π corrections γR to the ratio ΓR/M
3
R. This makes it
one of the least controlled LECs. Roughly half of the total error of the LEC is due to the NNLO m2π corrections δF(4)
and ǫ˜S in γS . Thus, the uncertainty of r2 is found to be dominated by the scalar mass parameters, which is due in
our case to our poor knowledge of the I = 1/2 scalar mass.
In general, the value of all the couplings that can be determined by means of the partial wave dispersion relations
(r2,... r6) [1, 2] is found to be dominated by the vector contributions. Since this sector is rather under control, this
reassures us in the robustness of our calculation.
Finally, the couplings r1 and rS2 need to be estimated through a phenomenological model. In the case of the
lagrangian (1) the error of r1 is mainly due to our ignorance on the scalar resonances couplings cd and cm. This is
directly originated in the large uncertainty of the a0 → πη decay width. The vector contribution is much smaller and
essentially negligible. The error in rS2 stems mainly from our poor knowledge of the a0(980) width and the scalar
mass splitting (which derives here from the large uncertainty of the I = 1/2 scalar resonance).
In summary, we find in general a good agreement with former determinations and at the same time we are able to
provide a reliable estimate of the error. This will help us to establish the relevance of the O(p6) LEC contributions
to the scattering lengths in next section.
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Set A [3] Set C (n=5) Set C (n=3)
(×10−3) (×10−3) (×10−3)
a00 1.2 2.3± 1.3± 1.7 −0.3± 1.0± 1.7
b00 4.1 4± 1± 4 2± 1± 4
10a20 −3.7 −4± 4± 1 −4± 4± 1
10b20 14 −13± 8± 2 −3± 5± 2
10a11 −0.3 3.4± 2.2± 0.6 1.7± 1.3± 0.6
10b11 0.7 2.6± 0.5± 1.5 3.7± 0.6± 1.5
TABLE II: Contribution of the O(p6) LECs rri (µ) to the scattering lengths a
I
J and effective ranges b
I
J in the direct χPT
approach [3] for µ = 770 MeV. The first column (set A) shows the results from Ref. [3], with their same inputs Fπ = 93.2 MeV,
mπ = 139.47 MeV. The last two columns show the predictions based on our phenomenological reanalysis (set C) for the
Proca (n=5) and antisymmetric tensor formalisms (n=3). The first error derives from the inputs and the second one from the
saturation scale uncertainty.
V. SCATTERING LENGTHS
A. Direct χPT calculation
The ππ–scattering lengths were first calculated in χPT up to O(p6) in Ref. [3]. At order m6π, the contribution from
the rri (µ) LECs was found to be
a00|ri =
m6π
32πF 6π
[5rr1 + 12r
r
2 + 48r
r
3 + 32r
r
4 + 192r
r
5] ,
b00|ri =
m6π
4πF 6π
[rr2 + 12r
r
3 + 12r
r
4 + 72r
r
5 − 8rr6] ,
a20|ri =
m6π
16πF 6π
[rr1 + 16r
r
4] ,
b20|ri =
m6π
8πF 6π
[−rr2 + 24rr4 − 16rr6] ,
a11|ri =
m6π
24πF 6π
[rr2 + 8r
r
4 + 16r
r
6] ,
b11|ri =
m6π
6πF 6π
[−rr3 + 3rr4 + 8rr6] . (55)
In order to work with dimensionless quantities, we have multiplied the results in Ref. [3] for b00, b
2
0, a
1
1 by m
2
π, and for
b11 by m
4
π. Our estimate of the contributions to the scattering lengths and effective ranges for the standard comparison
scale µ = 770 MeV is given in Table II, both for the Proca (n=5) and the antisymmetric vector formalism (n=3). In
order to have a clearer comparison of this quantities, the outcome from Ref. [3] is also provided. The first error in
Table II comes from the phenomenological inputs and the second one from the saturation scale uncertainty in the
O(p6) LECs, given in Eq.(54).
An important part of the subdominant quark mass corrections has been pinned down quite accurately through the
comparison of the decays of the different resonances in the multiplet. However, there exist a series of new operators
(e.g. the vector resonance operator λV9 in Ref. [11]) whose couplings cannot be extracted in an independent way. If
present, they could enter in effective combinations gV (mπ)
eff and cd(mπ)
eff ; these would be what we would really
determine and denote respectively as gV and cd, being used later instead of them in the LEC computation. A more
detailed discussion is relegated to Appendix C. In any case, the study of these operators remains beyond the scope of
this article.
B. CGL dispersive method
In Ref. [6], Colangelo et al. combined the NNLO chiral perturbation theory computation of the scattering lengths [3]
with a phenomenological dispersive representation. This allowed them to produce one of the most precise determina-
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tions of the scattering lengths. These were expressed in terms of some dispersive integrals, the pion quadratic scalar
radius 〈r2〉πS , the O(p4) coupling ℓ3 and a set of O(p6) LECs (r1, ... r4, rS2). These last contributions are actually the
most poorly known and the aim of this paper. Following the work of Ref.[6], we extract the part of their scattering
lengths that depends on the inputs rri (µ):
a00|ri = 7m
2
pi
32πF 2pi
C0|ri =
m6π
32πF 6π
[5rr1 + 12r
r
2 + 28r
r
3 − 28rr4 − 14rS2 ] ,
a20|ri = − m
2
pi
16πF 2pi
C2|ri =
m6π
16πF 6π
[rr1 − 4r3 + 4r4 + 2rS2 ] , (56)
where the Cj |ri can be extracted from the Cj provided in the Appendix C of Ref. [6]. The LEC rS2 appears in this
analysis [6] because the scalar radius 〈 r2 〉πS is incorporated as an experimental information in order to fix the O(p4)
constant ℓ4. On the other hand, the couplings r5 and r6 disappear here with respect to the standard χPT analysis
of Ref. [3], being their information encoded and replaced by the different dispersive integrals. It is easy to realize
that the resonance contributions aIJ |ri carry the same r1 and r2 dependence in both the direct χPT calculation in
Eq. (55) [3] and the dispersive study in Eq. (56) [6]. The comparison of this reanalysis and the predictions from
Ref. [6], is shown in Table III for the standard reference scale µ = 770 MeV.
Total: Ref. [6] aIJ |ri [6] Set C (n=5) Set C (n=3)
(×10−3) (×10−3) (×10−3) (×10−3)
a00 220± 5 0.0± 1.0 1.0 ± 1.5 ± 1.0 −1.6± 1.5 ± 1.0
10a20 −444± 10 0.4± 2.0 0± 4± 2 0± 4± 2
TABLE III: The first and second columns show, respectively, the total scattering lengths and the ri contribution to them in the
dispersive method from Colangelo et al. [6], where the authors used the ri in Eq. (2.3), Fπ = 92.4 MeV and mπ = 139.57 MeV.
The last two columns show the reanalyzed quantities (set C) for the Proca (n=5) and antisymmetric formalisms (n=3) for the
usual scale µ = 770 MeV. There, the first error derives from the inputs and the second one from the saturation scale uncertainty.
We find that the largest contributions to the a00 and a
2
0 errors are produced in similar terms by r1, r2, r3 and rS2 .
On the other hand, the impact of r4 on both the value and uncertainty of the scattering lengths results negligible.
VI. SUMMARY AND CONCLUSION
This article concludes the previous work from Ref. [2]. The analysis of the uncertainties of the O(p6) LECs
contributing to the ππ scattering lengths [3, 6] is completed here. Former estimates based on the large–NC limit and
resonance saturation have been revised. Nevertheless, a series of uncertainties escape to the control of the analysis
carried in the present article. Most of the computations are rather model independent as they are based on general
resonance properties; however, at some points we had to rely on phenomenological lagrangians [3, 10, 15].
All this allowed the estimate of the O(p6) LECs. For the standard comparison scale µ = 770 MeV, one obtains
after combining the results from Proca and antisymmetric formalism the values
rr1 = (−17± 20)× 10−4 , rr2 = (17± 21) × 10−4 , rr3 = (−4± 4) × 10−4 ,
rr4 = (0.0± 0.3) × 10−4 , rr5 = (0.9± 0.5) × 10−4 , rr6 = (0.25± 0.05) × 10−4 ,
rrS2 = (1 ± 4) × 10−4 . (57)
The combination of the results from the Proca (n=5) and antisymmetric formalism (n=3) yield for the dispersive
method [6] the final resonance contribution,
103 a00|ri = 0± 3 , 104a20|ri = 0± 5 . (58)
This is in perfect agreement with the former estimate [6], although the detailed analysis of the phenomenological
inputs casts a slightly larger uncertainty.
Following the analysis of global uncertainties of the scattering lengths in Colangelo et al.’s [6], we have verified that
the global uncertainties for a00 and a
2
0 are not largely modified. Thus, the replacement of the values from Eq. (58) in
the total scattering lengths leads to the updated predictions
a00 = 0.220± 0.005 , 10a20 = −0.444± 0.011 , (59)
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where the total uncertainties and central values are essentially unchanged with respect to the previous determinations
a00 = 0.220± 0.005 and 10a20 = −0.444± 0.010 [6].
This work provides a reliable and solid estimation of this part of the O(p6) calculation. It sets clear limits to the
size of the O(p6) LEC contributions, slightly conservative in some occasions. A special attention has been put on the
quantification of errors and their precise source. It reassures us in the reliability and precision of the current scattering
length determination based on the dispersive approach of Ref. [6]. Nonetheless, although the global uncertainties of
the scattering lengths are barely affected by our new predictions of the O(p6) low energy constants, the total errors
have almost reached those from aIJ |ri . This points out the difficulty of further improvements in the accuracy of the
ππ scattering lengths unless the O(p6) LEC uncertainties are conveniently reduced.
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APPENDIX A: FULL CALCULATION BASED ON THE RESONANCE LAGRANGIAN
1. Extraction of r1: pipi scattering
The resonance lagrangian from Eq. (1) [3, 10] has been used to calculate the ππ–scattering amplitude at large NC .
The vector resonances were described there by means of Proca four-vector fields Vˆµ. In addition, we also took into
account the vector and scalar mass splittings. The amplitude π+(p1)π
−(p2)→ π0(p3)π0(p4) results then
A(s, t, u)Proca =
s−m2π
F 2π
+
2
F 4π (M
2
σ − s)
[
cds− 2cdm2π + 2cmm2
]2
(A1)
+
u− s
F 4π (t−M2ρ )
[
gV t+ 4
√
2fχm
2
]2
+
t− s
F 4π (u−M2ρ )
[
gV u+ 4
√
2fχm
2
]2
.
with s = (p1+ p2)
2, t = (p1− p3)2, u = (p1− p4)2. We denote by ρ and σ respectively the I = 1 vector and the I = 0
scalar with u¯u + d¯d content. Fπ ≃ 92.4 MeV is the pion decay constants, which deviates from its chiral limit F in
the way prescribed in Eq. (31) due to the scalar resonance tadpole in the cm operator of the resonance chiral theory
lagrangian (1) [2, 13]. The same happens with the physical pion mass m2π and its value at leading order in the chiral
expansion, m2, which are related through
m2 ≡ 2B0mu/d = m2π +
8cm(cd − cm)
f2
m4π
M
2
S
+ O(m6π) , (A2)
with m
u/d
the u/d quark mass in the isospin limit.
Alternatively, if one employs the antisymmetric tensor formalism to describe the vector resonances [10, 11, 26] the
scattering takes the form
A(s, t, u)Antis. =
s−m2π
F 2π
+
2
F 4π (M
2
σ − s)
[
cds− 2cdm2π + 2cmm2
]2
+
u− s
F 4π (t−M2ρ )
t
[
GV + 4
√
2fn=3χ m
2/M2ρ
]2
+
t− s
F 4π (u −M2ρ )
u
[
GV + 4
√
2fn=3χ m
2/M2ρ
]2
, (A3)
where the meaning of GV and f
n=3
χ will be discussed later in detail in Appendix C.
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The resonance expressions can be now compared to the χPT amplitude [3],
A(s, t, u)χPT =
s−m2π
F 2
+
m4π
F 4
(8ℓ1 + 2ℓ3)− 8m
2
πs
F 4
ℓ1 +
s2
F 4
(2ℓ1 +
ℓ2
2
)
+
(t− u)2
2F 4
ℓ2 − 8m
6
π
F 6
ℓ23 +
m6π
F 6
(r1 + 2rF ) +
m4πs
F 6
(r2 − 2rF )
+
m2πs
2
F 6
r3 +
m2π(t− u)2
F 6
r4 +
s3
F 6
r5 +
s(t− u)2
F 6
r6 .
(A4)
We have preferred to express everything in terms of F rather than Fπ in order to make the chiral matching more
transparent [1, 2].
The LECs are extracted by matching A(s, t, u)χPT and the chiral expansion of the resonance amplitude A(s, t, u)Res
in Eqs. (A1) and (A3). Since we are interested in r1, s = t = 0 and u = 4m
2
π turn out to be the most convenient
choice of momenta. The matching of the m6π term yields for the Proca formalism (n=5)
r1 + 2rF + 16r4 − 8ℓ23 = −
128f2χF
2
M
2
V
− 64cm(2c
3
d − 2c2dcm − cdc2m + 2c3m)
M
4
S
−32e
S
mF
2
M
4
S
(c2m − cdcm + c2d) , (A5)
with the term −128f2χF 2/M
2
V in the right-hand side absent in the antisymmetric tensor formalism (n=3). However,
for the case of our phenomenological lagrangian, its numerical value is absolutely negligible. Thus, the vector con-
tribution comes mainly from the LEC r4 =
λ2V pipiF
2
M7−nV
(
1 + ǫV − (n− 5)eVm − 2M
2
V
M
2
S
δF(2)
)
, which is extracted from the
large–NC partial wave analysis in a very reliable way [2]. Likewise, although rF is obtained by means of the resonance
lagrangian (1), the large errors we found for δF(4) in Eq. (33) make its estimate slightly conservative. For ℓ3 we use,
ℓ3 = 4
cm(cm − cd)
M
2
S
, (A6)
where we converted the SU(3) large–NC estimate from Ref. [10] into SU(2) LECs [33]. Possible pseudo-scalar
resonances have been neglected. Putting all this information together, one obtains the value for r1 reported in the
text in Eq. (52).
2. Extraction of rS2: pipi scalar form factor
We proceed now to the calculation of the pion scalar form-factor by means of the resonance chiral theory la-
grangian (1) [3, 10, 11]. We repeat the calculation in detail, including also the contributions from the scalar tadpole
operator cm [12, 13], and obtain
FS(s) = 2B0
[
1 +
8cm(cm − cd)m2π
M
2
S F
2
+
4cm
F 2π
(cds− 2cdm2π + 2cmm2)
M2σ − s
+ O
(
m4π
M4S
)]
.
(A7)
Matching the resonance description in Eq.(A7) and the χPT result for the ππ scalar from-factor [4] leads to the LECs
rS3 = 4F
2 cmcd
M
4
S
, (A8)
rS2 − 4ℓ3ℓ4 = 8cm(cm − cd)F
2
M
4
S
+
32c2mcd(cd − 2cm)
M
2
S
+
16cdcmF
2
M
4
S
eSm , (A9)
with rS3 consistent with the value from Ref. [4]. Substituting the large–NC value of ℓ3 from Eq. (A6) and ℓ4 =
4cmcd/M
2
S leads to the prediction for rS2 shown in the text in Eq.(53).
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APPENDIX B: O(p6) LOW-ENERGY CONSTANT RUNNING
The variation of the rri (µ) with µ is given by the general pattern [3, 4]
rri (µ1) − rri (µ2) =
K
(L)
i
(16π2)2
ln
µ1
µ2
+
K
(2)
i
(16π2)2
[
ln2
µ1
mπ
− ln2 µ2
mπ
]
, (B1)
with the scale invariants
K
(L)
1 =
193
27
+
104
9
ℓ¯1 +
112
9
ℓ¯2 − 6ℓ¯3 + 2ℓ¯4 , K(2)1 = −20 ,
K
(L)
2 = −
556
27
− 68
3
ℓ¯1 − 248
9
ℓ¯2 + 7ℓ¯3 − 2ℓ¯4 , K(2)2 =
407
9
,
K
(L)
3 =
755
108
+
100
9
ℓ¯1 +
44
3
ℓ¯2 , K
(2)
3 = −
232
9
,
K
(L)
4 = −
1
108
− 2
9
ℓ¯1 − 4
9
ℓ¯2 , K
(2)
4 =
2
3
,
K
(L)
5 = −
29
432
− 7
4
ℓ¯1 − 107
36
ℓ¯2 , K
(2)
5 =
85
18
,
K
(L)
6 = −
79
432
− 5
36
ℓ¯1 − 25
36
ℓ¯2 , K
(2)
6 =
5
6
,
K
(L)
S2
=
148
27
+
62
9
ℓ¯1 + 2ℓ¯3 + 2ℓ¯4 , K
(2)
S2
= −166
9
. (B2)
APPENDIX C: CHIRAL CORRECTIONS TO THE DECAY WIDTH
In the article, the splitting in the vector decay widths due to quark mass effects was parametrized at NLO by one
single parameter ǫV (or equivalently fχ). This was true for the Proca resonance lagrangian in Eq. (1). However, in
the case of a more general hadronic action, one single parameter ǫV does not seem enough to describe the NLO chiral
corrections to the decay widths. In the Proca field realization, in addition to the operator fχ〈 Vˆµ[uµ, χ−] 〉, there
could exist higher derivative operators such as 〈 Vˆµν{χ+, uµuν} 〉, which also contribute to the chiral corrections to
the decay widths at NLO in m2π. Nonetheless, we will focus our digression about higher terms in the lagrangian in
the antisymmetric tensor formalism, where the possible operators related to the NLO quark mass corrections to the
vector width have been already constructed in Ref. [11]:
iλV8 〈Vµν{χ+, uµuν} 〉+ iλV9 〈Vµνuµχ+uν 〉+ λV10〈Vµν [uµ,∇νχ−] 〉 . (C1)
However, not all these three couplings are observable in the partial decay widths we analyzed in the text, which
now become
ΓV→φ1φ2 = CV 12
M 3V ρ
3
V12
48 π F 21 F
2
2
GeffV
2
[
1 +
2
√
2 (2λV8 + λ
V
10)
GeffV
(m21 +m
2
2) +O(m4P )
]2
,
(C2)
with the corresponding Clebsch-Gordan CV 12 for the channels under consideration, Cρππ = 1, CK∗Kπ = 3/4 and
CφKK = 1. Instead of the mπ–independent coupling GV , which we had before in Eq. (17), one has now the effective
combination
GeffV = GV + 2
√
2 (λV9 − 2λV8 )m2π . (C3)
The combination of resonance couplings (2λV8 +λ
V
10) rules the splitting of our studied decays and determines the chiral
symmetry breaking parameter fn=3χ = (2λ
V
8 + λ
V
10)M
2
V .
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Hence, the ρ → ππ, K∗ → Kπ and φ → KK partial decay widths only allow the determination of GeffV , not its
chiral limit value GV . A similar situation would happen with the scalar sector and the Proca field description for
vectors, where the presence of higher operators could make us observe in our analysis some effective combinations ceffd
and geffV , instead of the quark mass independent couplings cd and gV . In any case, the difference is assumed to be
small in the present work and its further study remains beyond the scope of this article.
[1] Z. H. Guo, J. J. Sanz Cillero and H. Q. Zheng, Partial-waves and large–NC resonance sum rules, JHEP 0706 (2007) 030.
[2] Z. H. Guo, J. J. Sanz Cillero and H. Q. Zheng, O(p6) extension of the large–NC partial-wave dispersion relations , Phys.
Lett. B 661 (2008) 342.
[3] J. Bijnens, G. Colangelo, G. Ecker, J. Gasser and M. E. Sainio, Pion pion scattering at low-energy, Nucl.Phys.B 508
(1997) 263, Erratum-ibid.B 517(1998) 639.
[4] J. Bijnens, G. Colangelo and P. Talavera, The Vector and scalar form-factors of the pion to two loops, JHEP 05 (1998)
014.
[5] G. ’t Hooft, A planar diagram theory for strong interactions, Nucl. Phys. B 72, 461 (1974); 75, 461 (1974);
G. ’t Hooft, A Two-Dimensional Model for Mesons, Nucl. Phys. B 75 (1974) 461;
E. Witten, Baryons in the 1/N expansion, Nucl. Phys. B 160, 57 (1979).
[6] G. Colangelo, J. Gasser and H. Leutwyler, pipi scattering, Nucl. Phys.B 603 (2001) 125.
[7] I. Caprini, G. Colangelo and H. Leutwyler, Mass and width of the lowest resonance in QCD, Phys. Rev. Lett. 96 (2006)
132001.
[8] Z. G. Xiao and H. Q. Zheng, Left-hand singularities, hadron form-factors and the properties of the sigma meson, Nucl.Phys.
A 695 (2001) 273;
Z. Y. Zhou et al., The Pole structure of the unitary, crossing symmetric low energy pipi scattering amplitudes, JHEP 02
(2005) 043.
[9] C. Amsler et al. (Particle Data Group), Review of Particle Properties, Phys. Lett. B 667 (2008) 1.
[10] G. Ecker et al., The Role of Resonances in Chiral Perturbation Theory, Nucl. Phys. B 321 (1989)311.
[11] V. Cirigliano et al., Towards a consistent estimate of the chiral low-energy constants, Nucl. Phys. B 753 (2006) 139.
[12] V. Bernard, N. Kaiser and Ulf G. Meissner, Chiral perturbation theory in the presence of resonances: Application to pipi
and piK scattering, Nucl. Phys. B 364 (1991) 283.
[13] J.J. Sanz-Cillero, Pion and kaon decay constants: Lattice versus resonance chiral theory, Phys. Rev. D 70 (2004) 094033.
[14] G. Ecker, J. Gasser, H. Leutwyler, A. Pich and E. de Rafael, Chiral Lagrangians for massive spin 1 fields, Phys. Lett. B
223, 425 (1989).
[15] V. Cirigliano, G. Ecker, H. Neufeld and A. Pich, Meson resonances, large–NC and chiral symmetry, JHEP 0306 (2003)
012.
[16] M. Jamin, J.A. Oller and A. Pich, Strangeness changing scalar form-factors, Nucl. Phys. B 622 (2002) 279.
[17] M. Jamin, J.A. Oller and A. Pich, S wave Kpi scattering in chiral perturbation theory with resonances, Nucl. Phys. B 587
(2000) 331-362.
[18] J.A. Oller and E. Oset, N/D description of two meson amplitudes and chiral symmetry, Phys. Rev. D 60 (1999) 074023.
[19] R. Kaiser, Large NC in chiral resonance Lagrangians, Trento 2004, Large–NC QCD 144-159.
[20] S. Ivashyn and A.Yu. Korchin, Radiative decays with light scalar mesons and singlet-octet mixing in ChPT, Eur. Phys. J.
C 54 (2008) 89-106.
[21] H. Leutwyler, On the 1/N expansion in chiral perturbation theory, Nucl. Phys. Proc. Suppl. 64 (1998) 223;
R. Kaiser and H. Leutwyler, Pseudoscalar decay constants at large–NC , Adelaide 1998, Nonperturbative methods
in quantum field theory 15-29 [arXiv:hep-ph/9806336].
[22] F.G Cao and A.I. Signal, Two analytical constraints on the η–η′ mixing, Phys. Rev. D 60 (1999) 114012.
[23] R. Escribano, J/ψ → V P decays and the quark and gluon content of the eta and eta-prime, [arXiv:0807.4201 [hep-ph]].
[24] A. Pich, Colorless mesons in a polychromatic world, Tempe 2002, Phenomenology of large–NC QCD 239-258
[arXiv:hep-ph/0205030].
[25] V. Cirigliano, G. Ecker, M. Eidemuller, R. Kaiser, A. Pich and J. Portoles, The 〈SPP 〉 Green function and SU(3) breaking
in Kℓ3 decays, JHEP 0504 (2005) 006.
[26] J. Gasser and H. Leutwyler, Chiral Perturbation Theory to One Loop, Annals Phys. 158 (1984) 142.
[27] O. Cata and S. Peris, An Example of resonance saturation at one loop, Phys. Rev. D 65 (2002) 056014.
[28] I. Rosell, J.J. Sanz-Cillero and A. Pich, Towards a determination of the chiral couplings at NLO in 1/NC : L
r
8(µ) and
Cr38(µ), JHEP 0701 (2007) 039;
J.J. Sanz-Cillero, Resonance form-factors: Lr8(µ) determination at next-to-leading order in 1/NC , [arXiv:hep-ph/0610304].
[29] I. Rosell, J.J. Sanz-Cillero and A. Pich, Quantum loops in the resonance chiral theory: The Vector form-factor, JHEP
0408 (2004) 042.
[30] I. Rosell, J.J. Sanz-Cillero and A. Pich, Form-factors and current correlators: Chiral couplings Lr10(µ) and C
r
87(µ) at NLO
in 1/NC , JHEP 0807 (2008) 014.
[31] K. Kampf and B. Moussallam, Tests of the naturalness of the coupling constants in ChPT at O(p6), Eur. Phys. J. C 47
(2006) 723-736.
19
[32] J. Bijnens, G. Colangelo and G. Ecker, Renormalization of chiral perturbation theory to order p6, Annals Phys. 280 (2000)
100-139.
[33] J. Gasser and H. Leutwyler, Chiral Perturbation Theory: Expansions in the Mass of the Strange Quark, Nucl. Phys. B
250 (1985) 465.
